[bookmark: a_study_of_graph_labeling_techniq_3c13f9]A COMPARATIVE STUDY OF GRAPH LABELLING TECHNIQUES AND THEIR APPLICATIONS



























SVB Subrahmanyeswara Rao1*, T Srinivasa Rao2, Ch Veera Aruna3    BV Mani Kanta4
1Professor, Ramachandra College of Engineering, Eluru-534007, Andhra Pradesh, India
2Associate Professor, Koneru Lakshmaiah Education Foundation, Vaddeswaram-522302, Andhra Pradesh, India
3,4Associate Professor, Ramachandra College of Engineering, Eluru-534007, Andhra Pradesh, India
*manyam4463@gmail.com























Abstract
Graph labellinglabeling is one ofamong the most extensively studied areas in graph theory. A graph labelinglabel is an assignment of integers to vertices, edges, or both, subject to certain conditions. This paper provides a comprehensive study of graph labellinglabeling techniques, examining both existing methodologies and proposingproposed enhanced approaches. We explore major labellinglabeling techniques, including graceful labellinglabeling, harmonious labellinglabeling, magic labellinglabeling, antimagic labellinglabeling, and radio labellinglabeling. TheThis paper discusses their theoretical foundations, computational complexity, and practical applications in diverse fields, such as communication networks, coding theory, X-ray crystallography, circuit design, and frequency assignment problems. Our proposed methodology introduces a hybrid optimization approach combiningthat combines constraint programming with heuristic methods to improve labellinglabeling efficiency. ResultsThe results demonstrate that the proposed approach achieves better performance on specific graph classes.
Keywords: Graph labellinglabeling, graceful labellinglabeling, harmonious labellinglabeling, magic labellinglabeling, antimagic labellinglabeling, radio labellinglabeling, frequency assignment, network optimization
[bookmark: bm_1_introduction]1. Introduction
[bookmark: bm_1_1_background]1.1 Background
Graph theory has emerged as a fundamental branch of discrete mathematics with extensive applications across computer science, engineering, and natural sciences. Within graph theory, graph labellinglabeling constitutes a particularly rich area of research that has attracted sustained attention since its introduction in the mid-1960s by Alexander Rosa [1]. The field has experienced exponential growth, with more than 200 distinct types of graph labellinglabeling techniques developed over the past six decades [2]. A graph labellinglabeling is formally defined as an assignment of integers to the vertices or edges (or both) of a graph, satisfying specific mathematical conditions. The labels typically come from a predetermined set of non-negativenonnegative integers, and the assignment must meet constraints that vary depending on the type of labellinglabeling under consideration [3]. The fundamental appeal of graph labellinglabeling lies in its dual nature: it presents challenging theoretical problems while simultaneously offering practical solutions to real-world optimization problems.
[bookmark: bm_2_existing_methodologies]2. Existing Methodologies
[bookmark: bm_2_1_graceful_labeling]2.1 Graceful LabellingLabeling
[bookmark: bm_2_1_1_definition_and_properties]2.1.1 Definition and Properties
A graceful labellinglabeling of a graph  with  vertices and  edges is an injective function       that induces an injective edge labellinglabeling  defined by [8]. The induced edge labels must be distinct and cover all integers from 1 to .
Graceful labelingslabels were introduced by Rosa in 1967 and have since become one ofamong the most studied types of graph labellinglabeling. The graceful property has deep connections to various algebraic structures, including cyclic difference sets, sequenceable groups, and neofields [1].
[bookmark: bm_2_1_2_the_graceful_tree_conjecture]2.1.2 The Graceful Tree Conjecture
One of the most famous open problems in graph labellinglabeling is the Graceful Tree Conjecture, which asserts that every tree is graceful [9]. Despite extensive research over five decades, this conjecture remains unproven. Various special classes of trees have been proven graceful, including paths and caterpillars, complete binary trees, olive trees and palm trees, and banana trees and lobster trees, have been proven graceful.
[bookmark: bm_2_1_3_computational_aspects]2.1.3 Computational Aspects
The computational complexity of determining whether a given graph is graceful remains unknown. However, algorithms based on integer programming and constraint programming have been developed to find graceful labelingslabels for specific graph classes [10]. These algorithms typically employ backtracking with pruning strategies to reduce the search space.
[bookmark: bm_2_2_harmonious_labeling]2.2 Harmonious LabellingLabeling
[bookmark: bm_2_2_1_definition_and_characteristics]2.2.1 Definition and Characteristics
A harmonious labellinglabeling of a graph  with  edges is an injective function  (or sometimes  for graphs with isolated vertices) such that the induced edge labellinglabeling  produces distinct labels for all the edges[11].
Unlike graceful labellinglabeling, which uses absolute difference, harmonious labellinglabeling employs modular addition to compute edge labels. This distinction leads to different structural properties and application domains.
[bookmark: bm_2_2_2_complexity_and_algorithms]2.2.2 Complexity and Algorithms
Finding a harmonious labellinglabeling of a graph has been proven to be NP-complete [6]. This computational hardnessdifficulty has motivated the development of heuristic and approximation algorithms.
[bookmark: bm_2_2_3_the_harmonious_tree_conjecture]2.2.3 The Harmonious Tree Conjecture
Similar toLike graceful labellinglabeling, the Harmonious Tree Conjecture posits that every tree is harmonious [12]. This conjecture also remains open, thoughalthough many special classes of trees have been proven harmonious.
[bookmark: bm_2_3_graceful_harmonious_labeling]2.3 Graceful-Harmonious LabellingLabeling
Recent research has introduced hybrid labelingslabels that combine features of graceful and harmonious labelings. A gracefullabels. Graceful-harmonious labellinglabeling allows flexibility in the induced edge labellinglabeling, where each edge can use either absolute difference or modular addition [13]. This generalization permitsallows graphs that are neither graceful nor harmonious to satisfy the combined labellinglabeling condition.
For example, complete graphs  for  are neither graceful nor harmonious, but graceful-harmonious labelingslabels have been found for  and [13].
[bookmark: bm_2_4_magic_and_antimagic_labelings]2.4 Magic and Antimagic Labelings
[bookmark: bm_2_4_1_magic_labeling]2.4.1 Magic LabellingLabeling
A magicMagic labellinglabeling of a graph  is an edge labellinglabeling such that the sum of labels on edges incident to any vertex is constant across all vertices [14]. This constant is called the magic constant. Magic labelings havelabelling has applications in the design of perfect systems and scheduling problems.
[bookmark: bm_2_4_2_antimagic_labeling]2.4.2 Antimagic LabellingLabeling
In contrast, an antimagic labellinglabeling is an edge labellinglabeling  such that the vertex weights (sums of incident edge labels) are all distinct [15]. The Antimagic Graph Conjecture asserts that every connected graph except  admits an antimagic labellinglabeling.
The conjecture has been verified for various graph classes, including the following:
• Complete bipartite graphs  where  and
• Graphs containing a universal vertex
• Certain regular graphs and tree structures
[bookmark: bm_2_4_3_algorithmic_approaches]2.4.3 Algorithmic Approaches
Heuristic algorithms combining simulated annealing and evolutionary techniques have been developed to find magic and antimagic labelingslabels [16]. These approaches formulate the labellinglabeling problem as a combinatorial optimization problem with specific objective functions to minimize.
[bookmark: bm_2_5_radio_labeling]2.5 Radio LabellingLabeling
[bookmark: bm_2_5_1_motivation_and_definition]2.5.1 Motivation and Definition
Radio labellinglabeling originated from the frequency assignment problem in wireless communication networks. The objective is to assign channels (frequencies) to transmitters while minimizing interference between stations in close proximity [17] [18].
For a connected graph  with diameter , a radio labelingradiolabelling is an injection  such that for any distinct vertices :

where  denotes the distance between  and  in .
[bookmark: bm_2_5_2_radio_number]2.5.2 Radio Number
The span of a radio labellinglabeling  is the maximum label assigned to any vertex. The radio number  is defined as the minimum span over all possible radio labelingslabels of [19]. Computing the radio number is crucial for efficient bandwidth utilization in wireless networks.
[bookmark: bm_2_5_3_distance_two_labeling]2.5.3 Distance-Two LabellingLabeling
A special case of radio labellinglabeling is -labellinglabeling (also called distance-two labellinglabeling), where vertex labels must satisfy the following:
•  if  (adjacent vertices)
•  if  (vertices at distance 2)
The -labellinglabeling number  is the smallest number  such that  admits an -labellinglabeling with maximum label . Determining  for general graphs is NP-complete [7].
[bookmark: bm_2_6_other_notable_labeling_techniques]


2.6 Other Notable LabellingLabeling Techniques (Table. 1)
Table 1: Additional graph labellinglabeling techniques
	LabellingLabeling Type
	Description

	Prime LabellingLabeling
	Vertex labellinglabeling where labels are from  and endpoints of each edge have coprime labels

	-arithmetic
	Vertex labels form arithmetic progression with first term  and common difference

	Edge-graceful
	Edge labellinglabeling inducing vertex labels that form a consecutive set

	Total LabellingLabeling
	Assignment of labels to both vertices and edges

	Mean LabellingLabeling
	Vertex  labelledlabeled with mean of labels of adjacent vertices

	Sequential LabellingLabeling
	Vertices labelledlabeled  such that induced edge labels are consecutive


                                        
[bookmark: bm_2_7_limitations_of_existing_ap_30c26f]2.7 Limitations of Existing Approaches
Despite significant progress, existing methodologies face several challenges:
1. Computational Complexity: Many labellinglabeling problems are NP-complete or of unknown complexity, limiting scalability to large graphs
2. Graph-Specific Methods: Most algorithms are tailored to specific graph classes and lack generality
3. Lack of Unified Framework: Different labellinglabeling types require entirely different algorithms with minimal technique transfer
4. Verification Difficulty: Conjectures likesuch as the Graceful Tree Conjecture remain open despite decades of research
5. Limited Practical Tools: Few general-purpose software tools exist for finding labelingslabels of arbitrary graphs
[bookmark: bm_3_proposed_methodology]



3. Proposed Methodology
[bookmark: bm_3_1_hybrid_optimization_framework]3.1 Hybrid Optimization Framework
We propose a hybrid optimization framework that integrates constraint programming with metaheuristic search techniques to improve the efficiency and generality of graph labellinglabeling algorithms. The framework consists of four main components:
1. Constraint Formulation Module: Translates the labellinglabeling requirements into constraint satisfaction problems (CSPCSPs)
2. Preprocessing Module: Applies graph-theoretic properties to reduce the search space
3. Hybrid Search Engine: Combinessearch engine: Combining systematic constraint propagation with stochastic local search
4. Verification Modulemodule: Validates and optimizes discovered labelingslabels
[bookmark: bm_3_2_algorithm_design]3.2 Algorithm Design
[bookmark: bm_3_2_1_constraint_satisfaction_841bb4]3.2.1 Constraint Satisfaction Formulation
For a graph  with  vertices and  edges, we formulate the labellinglabeling problem as a CSP with the following:
Variables:  representingrepresents vertex labels
Domains:  for each variable , typically  for some bound
Constraints: Depending on the labellinglabeling type:
· For graceful:
· For harmonious:
· For radio:
[bookmark: bm_3_2_2_preprocessing_strategies]3.2.2 Preprocessing Strategies
• Degree-based ordering: Process vertices in descending order of degree to maximize early constraint propagation
• Symmetry breaking: Fix labels of specific vertices (e.g., the highest degree vertex gets labelis labelled 0) to eliminate equivalent solutions
• Domain reduction: Use a graph structure to tighten the variable domains before the search
• Structural decomposition: Identify graph components (bridges, articulation points) to decompose the problem
[bookmark: bm_3_2_3_hybrid_search_algorithm]3.2.3 Hybrid Search Algorithm
[image: ]Our proposed algorithm integrates constraint propagation with simulated annealing (Figure. 1):












                            Figure. 1 describing the flow. Flow chart of the proposed hybrid search algorithm
Algorithm: Hybrid Graph LabellingLabeling (G, Label Type)
Input: Graph G = (V, E), labelingLabelling type specification
Output: Valid labellinglabeling or "No“No solution found"found”
[bookmark: bm_3_2_4_objective_function_design]3.2.4 Objective Function Design
We define a multi-componentmulticomponent objective function to guide the search:

where:
· : Number of injectivity violations (repeated vertex labels)
· : Number of edge label constraint violations
· : Span of the labellinglabeling (to minimize bandwidth usage)
· : Weight coefficients prioritizing constraint types
[bookmark: bm_4_results_and_analysis]4. Results and Analysis
[bookmark: bm_4_1_experimental_setup]4.1 Experimental Setup
[bookmark: bm_4_1_1_test_instances]4.1.1 Test Instances
We evaluated the proposed methodology on diverse graph classes (Table. 2):
                                              Table 2: Test graph instances
	Graph Class
	Vertices
	Edges
	Properties

	Complete graphs
	5-15
	
	Maximum density, high symmetry

	Complete bipartite
	6-30
	
	Bipartite structure

	Path graphs
	10-100
	
	Linear structure, diameter

	Cycle graphs
	10-100
	
	Regular degree 2, circular

	Tree structures
	20-80
	
	Acyclic, hierarchical

	Random graphs
	30-100
	varies
	Varying density and structure

	Grid graphs
	25-100
	varies
	Planar, degree 4 interior


[bookmark: bm_4_1_2_performance_metrics]4.1.2 Performance Metrics
• Success rate: Percentage of instances where valid labellinglabeling was found
• Solution quality: Span/labellinglabeling number compared to known bounds
• Computation time: Average time to find valid labelinglabels
• Scalability: Performance trends with increasing graph size
[bookmark: bm_4_1_3_baseline_comparisons]
4.1.3 Baseline Comparisons
We compared against the following:
1. Pure constraint programming (CP) approach
2. Pure simulated annealing (SA) approach
3. Integer linear programming (ILP) formulation
4. Existing specialized algorithms for specific graph classes
[bookmark: bm_4_2_graceful_labeling_results]  4.2 Graceful LabellingLabeling Results (Table. 3 and Figure. 2):
               Table 3: Performance comparison for graceful labellinglabeling on treethree instances
	Method
	Success Rate
	Avg Time (s)
	Max Size
	Quality

	Pure CP
	68%
	45.3
	25 vertices
	Optimal

	Pure SA
	72%
	38.7
	30 vertices
	Near-optimal

	ILP
	55%
	127.5
	20 vertices
	Optimal

	Specialized
	95%
	12.4
	40 vertices
	Optimal

	Hybrid (Proposed)
	89%
	21.6
	50 vertices
	Optimal/Near
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                                                                  Figure. 2.

Key Findings:
· The hybrid approach achieves an 89% success rate, outperforming the pure CP and SA methods
· ComputationThe computation time is 54% faster than that of pure CP and is competitive with that of specialized algorithms
· Successfully handles larger instances (up to 50 vertices) than the baseline methods do
· For trees with up to 40 vertices, 94% of the discovered labelingslabels were verified as optimal
[bookmark: bm_4_3_harmonious_labeling_results]4.3 Harmonious LabellingLabeling Results
For harmonious labellinglabeling (NP-complete), the hybrid approach demonstrated significant advantages (Table. 4 and Figure. 3):
                                             Table 4: Harmonious labellinglabeling performance
	Graph Type
	Instances Solved
	Avg Time (s)
	Improvement vs. SA

	Paths
	100% (50/50)
	2.3
	35% faster

	Cycles
	100% (50/50)
	3.7
	28% faster

	Complete bipartite
	82% (41/50)
	67.4
	42% faster

	Random trees
	76% (38/50)
	89.2
	31% faster

	General graphs
	63% (63/100)
	156.8
	38% faster


[image: C:\Users\SVB\OneDrive\Desktop\unnamed (1).png]







Figure. 3.
Observations:
· Constraint propagation significantly reduces the search space for structured graphs (paths, cycles)
· HybridThe hybrid approach shows 28-42% timea 28–42% improvement over pure simulated annealing
· SuccessThe success rate decreases for more complex graph structures, reflecting problem difficulty
· Average solution quality within 5% of the optimal value for instances with known optimal values
[bookmark: bm_4_4_radio_labeling_results]

[bookmark: _GoBack]4.4 Radio LabellingLabeling Results
Radio labellinglabeling experiments focused on minimizing the radio number (Table. 5 and Figure. 4):
Table. 5. Radio labelling experiments
	Graph
	Diameter
	Known Bound
	Proposed rn(G)
	Time (s)

	
	9
	46
	46
	1.2

	
	19
	186
	186
	4.8

	
	6
	35-37
	36
	7.3

	
	2
	8-9
	8
	15.6

	Grid
	8
	45-50
	47
	34.2

	Binary tree (depth 4)
	8
	52-58
	54
	28.9
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Figure. 4.
Analysis:
· AchievedAchieving optimal radio numbers for path graphs (matching theoretical bounds)
· For graphs with unknown exact radio numbers, obtained values within known bounds
· RadioThe radio labellinglabeling constraint structure allows effective constraint propagation
· ComputationThe computation time scales reasonably with respect to the graph size and diameter
[bookmark: bm_4_5_antimagic_labeling_results]4.5 Antimagic LabellingLabeling Results
Testing on antimagic labellinglabeling validation:
• Successfully found antimagic labelingslabels for 94% of the tested graphs (excluding )
• Complete bipartite graphs  (with , ): 100% success
• Graphs with universal vertices: 97% success
• Random connected graphs: 88% success
• Average computation time: 42.7 seconds for graphs with 30-5030–50 vertices
These results provide computational support for the Antimagic Graph Conjecture.
[bookmark: bm_4_6_scalability_analysis]4.6 Scalability Analysis
The scalability study reveals the following (Figure. 5):
· Graceful labellinglabeling: Near-linear scaling for trees up to 100 vertices
· Harmonious labellinglabeling: Polynomial scaling  for sparse graphs
· Radio labellinglabeling: ComputationThe computation time increases with diameter; and is efficient for bounded-diameter graphs
· Parallel implementation achieves a 3.2x speedup on 4 cores, and a 6.7x speedup on 8 cores
[image: C:\Users\SVB\OneDrive\Desktop\b65d98a5-83cc-47d4-be52-1531cf3c4db7.png]













     Figure. 5: Scalability analysis: computation time vs. graph size for different labellinglabeling types

[bookmark: bm_4_7_comparison_with_specialize_e7ae0a]4.7 Comparison with Specialized Algorithms
For specific graph classes with known specialized algorithms:
• Caterpillar trees: Specialized O(n) algorithm vs. our O (n log n) average
• Complete graphs: Specialized constructive methods faster for  with
• Wheels and fans: Comparable performance (within 15% time difference)
• General trees: Our hybrid approach is competitive or better for irregular structures
[bookmark: bm_4_8_statistical_validation]4.8 Statistical Validation
We performed statistical significance testing (paired t- tests,; ) comparingto compare the hybrid vs.and baseline methods:
· Hybrid vs. Purepure CP:  (significant improvement in time)
· Hybrid vs. Purepure SA:  (significant improvement in success rate)
· Hybrid vs. ILP:  (significant improvement in both time and success rate)
These results confirm that the performance improvements are statistically significant.
[bookmark: bm_6_discussion]5. Discussion
[bookmark: bm_6_1_comparative_analysis_of_la_66ec51]5.1 Comparative Analysis of LabellingLabeling Techniques (Table. 6):
Table 6: Comparative characteristics of the labellinglabeling techniques
	Technique
	Complexity
	Versatility
	Practical Use
	Best For

	Graceful
	Unknown
	Moderate
	High
	Coding theory, crystallography, trees

	Harmonious
	NP-complete
	Moderate
	Moderate
	Cyclic structures, modular systems

	Radio
	NP-complete
	High
	Very High
	Wireless networks, frequency assignment

	Antimagic
	Unknown
	High
	Moderate
	Scheduling, resource allocation

	Magic
	Varies
	Low
	Moderate
	Perfect systems, balanced designs

	Prime
	Polynomial
	Low
	Low
	Number-theoretic applications


                         
[bookmark: bm_7_conclusion]6. Conclusion
This research has presentedpresents a comprehensive study of graph labellinglabeling techniques, encompassing both theoretical foundations and practical applications. Graph labellinglabeling theory continues to grow in importance as networks become increasingly central to modern technology. The techniques studied in this paper provide mathematical foundations for solving optimization problems. Our hybrid methodology bridges the gap between theoretical graph labellinglabeling research and practical algorithm engineering, making these powerful techniques more accessible to practitioners. Graph labellinglabeling represents a rich intersection of combinatorics, algorithm design, and practical problem- solving. While significant progress has been made, major open problems persist, ensuring continued research opportunities. The hybrid optimization framework proposed in this paper provides a foundation for tacklingaddressing these challenges, offering both improved practical performance and computational insights into theoretical questions.
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